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ON HYPERGEOMETRIC BERNOULLI NUMBERS AND
POLYNOMIALS
SU HU AND MIN-SOO KIM
Abstract. In this note, we shall provide several properties of hyperge-
ometric Bernoulli numbers and polynomials, including sums of products
identity, differential equations and recurrence formulas.
1. Introduction
For N ∈ N, Howard [11, 12] defined the hypergeometric Bernoulli poly-
nomials BN,n(x) by the generating function
(1.1)
tNext/N !
et − TN−1(t)
=
∞∑
n=0
BN,n(x)
tn
n!
,
where TN−1(t) is the Taylor polynomial of order N − 1 for the exponential
function. In particular, when N = 1, we recover the classical Bernoulli
polynomials, i.e. B1,n(x) = Bn(x) (see (1.2) below).
In this note, we shall give an expression for a sum of products of the hy-
pergeometric Bernoulli polynomials (see Theorem 1.2 below), generalizing
some classical results for Bernoulli polynomials. We also present a differen-
tial equation and a recurrence relation for these polynomials (see Theorems
1.5 and 1.8).
Recall that, the Bernoulli polynomials is defined by the generating func-
tion
(1.2)
text
et − 1
=
∞∑
n=0
Bn(x)
tn
n!
,
while the Bernoulli numbers is defined by Bn = Bn(0).
The Bernoulli numbers and polynomials have many applications and
satisfy many interesting identities. The most remarkable one is Euler’s sums
of products identity
(1.3)
n∑
i=0
(
n
i
)
BiBn−i = −nBn−1 − (n− 1)Bn (n ≥ 1).
This identity has been generalized by many authors from different directions
(see [2, 4, 6, 14, 15, 20, 21]). In particular, Dilcher [6] provided explicit
expressions for sums of products for arbitrarily many Bernoulli numbers
and polynomials.
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Another approach to Bernoulli polynomials is to define them as an Appell
sequence with zero mean:
(1.4) B0(x) = 1,
(1.5) B′n(x) = nBn−1(x),
(1.6)
∫ 1
0
Bn(x)dx =
{
1 n = 0
0 n > 0.
Based on the properties of Appell polynomials, He and Ricci [10] proved that
the Bernoulli polynomials Bn(x) satisfy the following differential equations:
(1.7)
Bn
n!
y(n) +
Bn−1
(n− 1)!
y(n−1) + · · ·+
B2
2!
y′′ −
(
x−
1
2
)
y′ + ny = 0.
Howard [11, 12] gave a generalization of Bernoulli polynomials by con-
sidering the following generating function:
(1.8)
t2ext/2
et − 1− t
=
∞∑
n=0
An(x)
tn
n!
and more generally, for all positive integer N
(1.9)
tNext/N !
et − TN−1(t)
=
∞∑
n=0
BN,n(x)
tn
n!
,
where TN−1(t) is the Taylor polynomial of order N − 1 for the exponential
function. For the cases N = 1 and N = 2, (1.9) reduces to (1.2) and (1.8),
respectively. We see that the polynomials BN,n(x) have rational coefficients.
The polynomials BN,n(x) are named hypergeometric Bernoulli polynomi-
als, while the numbers BN,n = BN,n(0) are named hypergeometric Bernoulli
numbers since the generating function f(t) = e
t−TN−1(t)
tN/N !
can be expressed as
1F1(1, N + 1; t), where the confluent hypergeometric function 1F1(a, b; t) is
defined by
1F1(a, b; t) =
∞∑
n=0
(a)n
(b)n
tn
n!
and (a)n is the Pochhammer symbol
(a)n =
{
a(a + 1) · · · (a+ n− 1) (n ≥ 1)
1 (n = 0)
(see [13, p. 2261]).
As their classical counterparts, the Bernoulli numbers and polynomi-
als, the generalized Bernoulli numbers and polynomials, the hypergeometric
Bernoulli numbers and polynomials also satisfy many interesting properties
([3, 7, 8, 16, 18, 19]).
Kamano [13] proved the following result for sums of products of hyperge-
ometric Bernoulli numbers, which is a generalization of the works by Euler
and Dilcher (see [6]).
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Theorem 1.1 (Kamano [13, p. 2262, Main Theorem]). Let N and r be
positive integers. For any integer n ≥ r − 1, we have∑
i1,...,ir≥0
i1+···+ir=n
n!
i1! · · · ir!
BN,i1 · · ·BN,ir
=
1
N r−1
r−1∑
i=0
A(N)r (i; 1 +N(r − 1)− n)(−1)
i
(
n
i
)
i!BN,n−i,
where A
(N)
r (i; s) ∈ Q[s](0 ≤ i ≤ r − 1) are polynomials defined by the
following recurrence relation:
(1.10)
A
(N)
1 (0; s) = 1
A(N)r (i; s) =
s− 1
r − 1
A
(N)
r−1(i; s−N) + A
(N)
r−1(i− 1; s−N + 1).
Here r ≥ 2 and A
(N)
r (i; s) are defined to be zero for i ≤ −1 and i ≥ r.
As for Bernoulli polynomials, another approach to hypergeometric Bernoulli
polynomials is to define them in terms of Appell sequence with zero mean
(comparing with (1.4), (1.5) and (1.6) above):
(1.11) BN,0(x) = 1,
(1.12) B′N,n(x) = nBN,n−1(x),
(1.13)
∫ 1
0
(1− x)N−1BN,n(x)dx =
{
1
N
n = 0
0 n > 0
(see [7, p. 768]).
This paper contains further properties of the hypergeometric Bernoulli
numbers and polynomials, including a generalization of Kamano’s result.
Theorem 1.2. Let N and r be positive integers and let x = x1 + · · ·+ xr.
For any integer n ≥ r − 1, we have∑
i1,...,ir≥0
i1+···+ir=n
n!
i1! · · · ir!
BN,i1(x1) · · ·BN,ir(xr)
=
1
N r−1
r−1∑
i=0
A(N)r (i, x; 1 +N(r − 1)− n)(−1)
i
(
n
i
)
i!BN,n−i(x),
where A
(N)
r (i, x; s) ∈ Q[x, s](0 ≤ i ≤ r − 1) are polynomials defined by the
recurrence relation:
(1.14)
A
(N)
1 (0, x; s) = 1
A(N)r (i, x; s) =
s− 1
r − 1
A
(N)
r−1(i, x; s−N)−
x− (r − 1)
r − 1
A
(N)
r−1(i− 1, x; s−N + 1).
Here r ≥ 2 and A
(N)
r (i, x; s) are defined to be zero for i ≤ −1 and i ≥ r.
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Remark 1.3. Theorem 1.1 is the special case if x = 0. Nguyen and Cheong
[19] also obtained a similar statement using a result by Nguyen [18].
Remark 1.4. Let r = 2, 3 in (1.14) to obtain
(1.15)
A
(N)
2 (0, x; 1 +N − n) = N − n,
A
(N)
2 (1, x; 1 +N − n) = −(x− 1),
A
(N)
3 (0, x; 1 + 2N − n) =
1
2
(2N − n)(N − n),
A
(N)
3 (1, x; 1 + 2N − n) = −
1
2
(2N − n)(x− 1)−
1
2
(x− 2)(N − n+ 1),
A
(N)
3 (2, x; 1 + 2N − n) =
1
2
(x− 2)(x− 1),
thus
(1.16)
∑
i1,i2≥0
i1+i2=n
n!
i1!i2!
BN,i1(x1)BN,i2(x2)
=
1
N
(N − n)BN,n(x) +
n
N
(x− 1)BN,n−1(x)
(where x = x1 + x2 and n ≥ 1),
and
(1.17)
∑
i1,i2,i3≥0
i1+i2+i3=n
n!
i1!i2!i3!
BN,i1(x1)BN,i2(x2)BN,i3(x3)
=
1
2N2
[
(N − n)(2N − n)BN,n(x)
+ n((2N − n)(x− 1) + (x− 2)(N − n + 1))BN,n−1(x)
+ n(n− 1)(x− 1)(x− 2)BN,n−2(x)
]
(where x = x1 + x2 + x3 and n ≥ 2).
Nguyen and Cheong [19, Example 18] also obtained (1.16) and (1.17). If
N = 1, x = 0 and r = 2, then (1.16) becomes (1.3).
For N, r ∈ N, the higher order hypergeometric Bernoulli polynomials
B
(r)
N,n(x) are defined by the generating function
(1.18)
(
tN/N !
et − TN−1(t)
)r
ext =
∞∑
n=0
B
(r)
N,n(x)
tn
n!
.
The higher order hypergeometric Bernoulli numbers are defined by B
(r)
N,n =
B
(r)
N,n(0) (see [13, 19]). The hypergeometric Bernoulli case corresponds to the
special value r = 1. In particular, B
(1)
N,n(x) = BN,n(x), the hypergeometric
Bernoulli polynomials, and B
(1)
N,n(0) = BN,n, the hypergeometric Bernoulli
numbers.
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If we put N = 1 in (1.18), then we have B
(r)
1,n(x) = B
(r)
n (x) the classical
higher order Bernoulli polynomials. The classical higher order Bernoulli
numbers is defined by B
(r)
n = B
(r)
n (0) (see [6, 14, 16, 21]).
Using results established in [10] for the classical Bernoulli polynomials
a differential equation for the higher order Bernoulli polynomials is derived
next. The proof is based on the properties of Appell polynomials [1, 22].
Theorem 1.5. The higher order hypergeometric Bernoulli polynomials B
(r)
N,n(x)
satisfy the differential equation
BN,n
n!
y(n)+
BN,n−1
(n− 1)!
y(n−1)+· · ·+
BN,2
2!
y′′−
(
x
rN
−
1
N(N + 1)
)
y′+
n
rN
y = 0.
Corollary 1.6 (Lu [16, Theorem 2.2]). The classical higher order Bernoulli
polynomials B
(r)
n (x) satisfy the differential equation
Bn(1)
n!
y(n) +
Bn−1(1)
(n− 1)!
y(n−1) + · · ·+
B2(1)
2!
y′′ −
(
x
r
−
1
2
)
y′ +
n
r
y = 0.
Theorem 1.5 in the case N = r = 1 gives the next result.
Corollary 1.7 (He and Ricci [10, Theorem 2.3]). The classical Bernoulli
polynomials Bn(x) satisfy the differential equation
Bn
n!
y(n) +
Bn−1
(n− 1)!
y(n−1) + · · ·+
B2
2!
y′′ −
(
x−
1
2
)
y′ + ny = 0.
A linear recurrence for higher order Bernoulli polynomials generalizing
results of Lu [16] appears as consequence of the proof.
Theorem 1.8. For n ∈ N, the higher order hypergeometric Bernoulli poly-
nomials B
(r)
N,n(x) satisfy the recurrence
B
(r)
N,n+1(x) =
(
x−
r
N + 1
)
B
(r)
N,n(x)− rN
n−1∑
k=0
(
n
k
)
BN,n−k+1
n− k + 1
B
(r)
N,k(x).
The special case N = 1 gives the following statement.
Corollary 1.9 (Lu [16, Theorem 2.1]). For n ∈ N, the higher order Bernoulli
polynomials B
(r)
n (x) satisfy the recurrence
B
(r)
n+1(x) =
(
x−
1
2
r
)
B(r)n (x)− r
n−1∑
k=0
(
n
k
)
Bn−k+1(1)
n− k + 1
B
(r)
k (x).
Letting N = r = 1 and replace n by n + 1 in Theorem 1.8, we obtain
the next result.
Corollary 1.10 (He and Ricci [10, Theorem 2.2]). For n ∈ N, the Bernoulli
polynomials Bn(x) satisfy the recurrence
Bn(x) =
(
x−
1
2
)
Bn−1(x)−
1
n
n−2∑
k=0
(
n
k
)
Bn−kBk(x).
Remark 1.11. The special case r = 1 gives some results presented in [17].
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2. Proof of Theorem 1.2
Introduce the notations
(2.1) Fr,N(t, x) =
(
tN/N !
et − TN−1(t)
)r
ext,
(2.2) Fr,N(t) = Fr,N(t, 0) =
(
tN/N !
et − TN−1(t)
)r
and
(2.3) FN(t) = F1,N (t) =
tN/N !
et − TN−1(t)
.
The proof begins with an auxiliary result.
Lemma 2.1.
(i) d
dt
FN(t) =
N
t
FN(t)− FN(t)−
N
t
F2,N (t).
(ii) d
dt
Fr,N(t, x) =
rN
t
Fr,N(t, x) + (x− r)Fr,N(t, x)−
rN
t
Fr+1,N(t, x).
Proof. Differentiating (2.3) with respect to t, yields
d
dt
FN (t) =
NtN−1/N !(et − TN−1(t))− t
N/N !(et − TN−2(t))
(et − TN−1(t))2
=
N
t
tN/N !
(et − TN−1(t))
−
tN/N !(et − TN−1(t) + t
N−1/(N − 1)!)
(et − TN−1(t))2
=
N
t
FN (t)− FN(t)−
N
t
F2,N (t),
giving Part (i). Part (ii) follows from Part (i). 
The notations introduced above states that
(2.4) Fr,N(t, x) =
∞∑
n=0
B
(r)
N,n(x)
tn
n!
.
Comparing coefficients of equal powers in Lemma 2.1(ii) gives the recurrence
stated next.
Lemma 2.2. Let n ∈ N. Then
B
(r+1)
N,n (x) =
1
N
(
N −
n
r
)
B
(r)
N,n(x) +
1
N
n
r
(x− r)B
(r)
N,n−1(x).
Let
(
n
i1,...,ir
)
= n!
i1!···ir!
be the multinomial coefficient. The next result gives
B
(r)
N,n(x) in terms of BN,i(x).
Lemma 2.3. The identity holds for n, r, N ∈ N
(2.5) B
(r)
N,n(x) =
∑
i1+···+ir=n
i1,...,ir≥0
(
n
i1, . . . , ir
)
BN,i1(x1) · · ·BN,ir(xr)
with x = x1 + · · ·+ xr.
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Proof of the Theorem 1.2. The proof proceeds by induction.
The case r = 1 is clear. Lemma 2.2 gives
B
(r)
N,n(x) =
1
N
(
N −
n
r − 1
)
B
(r−1)
N,n (x) +
1
N
n
r − 1
(x− (r − 1))B
(r−1)
N,n−1(x)
=
1
N r−1
(
N −
n
r − 1
) r−2∑
i=0
A
(N)
r−1(i, x; 1 +N(r − 2)− n)
× (−1)i
(
n
i
)
i!BN,n−i(x)
+
1
N r−1
n
r − 1
(x− (r − 1))
r−2∑
i=0
A
(N)
r−1(i, x; 1 +N(r − 2)− (n− 1))
× (−1)i
(
n− 1
i
)
i!BN,n−1−i(x)
=
1
N r−1
[(
N −
n
r − 1
) r−2∑
i=0
A
(N)
r−1(i, x; 1 +N(r − 2)− n)
× (−1)i
(
n
i
)
i!BN,n−i(x)
+
n
r − 1
(x− (r − 1))
r−1∑
i=1
A
(N)
r−1(i− 1, x; 1 +N(r − 2)− (n− 1))
× (−1)i−1
(
n− 1
i− 1
)
(i− 1)!BN,n−i(x)
]
=
1
N r−1
r−1∑
i=0
[(
N −
n
r − 1
)
A
(N)
r−1(i, x; 1 +N(r − 2)− n)(−1)
i
(
n
i
)
i!
+
n
r − 1
(x− (r − 1))A
(N)
r−1(i− 1, x; 1 +N(r − 2)− (n− 1))
× (−1)i−1
(
n− 1
i− 1
)
(i− 1)!
]
BN,n−i(x)
=
1
N r−1
r−1∑
i=0
[
N(r − 1)− n
r − 1
A
(N)
r−1(i, x; 1 +N(r − 2)− n)
−
1
r − 1
(x− (r − 1))A
(N)
r−1(i− 1, x; 1 +N(r − 2)− (n− 1))
]
× (−1)i
(
n
i
)
i!BN,n−i(x)
=
1
N r−1
r−1∑
i=0
A(N)r (i, x; 1 +N(r − 1)− n)(−1)
i
(
n
i
)
i!BN,n−i(x)
(using s = 1 +N(r − 1)− n in (1.14)).
Lemma 2.3 gives the result. 
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3. Differential equations
3.1. Appell polynomials. The proof for the differential equation satisfied
by the higher order hypergeometric Bernoulli polynomials requires some
basic facts on Appell polynomials. These also appear in [10].
The Appell polynomials [1] are defined by the generating function:
(3.1) A(t)ext =
∞∑
n=0
Rn(x)
n!
tn,
where
(3.2) A(t) =
∞∑
n=0
Rn
n!
tn, A(0) 6= 0
is an analytic function at t = 0, and Rn = Rn(0).
A polynomial pn(x) (n ∈ N, x ∈ C) is said to be a quasi-monomial [16]
if there are two operators, Mˆ, Pˆ , called the multiplicative and derivative
operators, such that
(3.3) Mˆ(pn(x)) = pn+1(x)
and
(3.4) Pˆ (pn(x)) = npn−1(x),
where it is assumed (as usual) that
p0(x) = 1 and p−1(x) = 0.
The operators Mˆ and Pˆ must satisfy the commutation relation
(3.5) [Pˆ , Mˆ ] = Pˆ Mˆ − MˆPˆ = Iˆ ,
where Iˆ denotes the identity operator.
He and Ricci [10] showed that the multiplicative and derivative operators
of Rn(x) are
(3.6) Mˆ = (x+ α0) +
n−1∑
k=0
αn−k
(n− k)!
Dn−kx
and
(3.7) Pˆ = Dx,
where Dx =
∂
∂x
and the coefficients αn are defined by
(3.8)
A′(t)
A(t)
=
∞∑
n=0
αn
tn
n!
.
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3.2. Proofs of Theorems 1.5 and 1.8. The proofs begin with an auxil-
iary result.
Lemma 3.1.
dp
dxp
B
(r)
N,n(x) =
n!
(n− p)!
B
(r)
N,n−p(x), n ≥ p.
Proof. Start with
(3.9)
(
tN/N !
et − TN−1(t)
)r
dp
dxp
ext =
(
tN/N !
et − TN−1(t)
)r
(exttp)
=
((
tN/N !
et − TN−1(t)
)r
ext
)
tp.
Substituting (1.18) into the right hand side of (3.9), we have
(3.10)
(
tN/N !
et − TN−1(t)
)r
dp
dxp
ext =
(
∞∑
n=0
B
(r)
N,n(x)
tn
n!
)
tp
=
∞∑
n=0
B
(r)
N,n(x)
tn+p
n!
=
∞∑
n=p
B
(r)
N,n−p(x)
tn
(n− p)!
=
∞∑
n=p
B
(r)
N,n−p(x)
(n− p)!
tn.
Differentiating both sides of (1.18) with respect to x and using (3.10) gives
(3.11)
∞∑
n=p
B
(r)
N,n−p(x)
(n− p)!
tn =
∞∑
n=0
dp
dxp
B
(r)
N,n(x)
n!
tn.
Comparing the coefficients of both sides of the above equality, produces the
result. 
Proof of the Theorem 1.8. From (1.18), (3.1) and (3.2), we know that the
hypergeometric Bernoulli polynomials B
(r)
N,n(x) are Appell polynomials with
A(t) =
(
tN/N !
et − TN−1(t)
)r
.
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Using Lemma 2.1(ii) with x = 0 gives
(3.12)
A′(t)
A(t)
=
rN
t
− r −
rN
t
(
tN/N !
et − TN−1(t)
)
=
rN
t
(
1−
t
N
−
∞∑
n=0
BN,n
tN
n!
)
=
rN
t
(
−
1
N(N + 1)
t−
∞∑
n=2
BN,n
tN
n!
)
= r
(
−
1
N + 1
−N
∞∑
n=1
BN,n+1
n+ 1
tN
n!
)
.
Here we use BN,0 = 1 and BN,1 = −1/(N + 1). Then (3.6)–(3.8) give
the multiplicative and derivative operators of the hypergeometric Bernoulli
polynomials:
(3.13) Mˆ =
(
x−
r
N + 1
)
− rN
n−1∑
k=0
BN,n−k+1
(n− k + 1)!
Dn−kx ,
(3.14) Pˆ = Dx.
Then (3.13) gives
(3.15)
MˆB
(r)
N,n(x) =
[(
x−
r
N + 1
)
− rN
n−1∑
k=0
BN,n−k+1
(n− k + 1)!
Dn−kx
]
B
(r)
N,n(x).
(3.3) with pn(x) = B
(r)
N,n(x) gives MˆB
(r)
N,n(x) = B
(r)
N,n+1(x), thus by Lemma
3.1, (3.15) implies
B
(r)
N,n+1(x) =
(
x−
r
N + 1
)
B
(r)
N,n(x)−rN
n−1∑
k=0
BN,n−k+1
(n− k + 1)!
n!
(n− (n− k))!
B
(r)
N,k(x).
The result now follows from
1
(n− k + 1)!
n!
(n− (n− k))!
=
1
n− k + 1
n!
k!(n− k)!
=
1
n− k + 1
(
n
k
)
.

Proof of the Theorem 1.5. Replacing n by n+1 in Theorem 1.8, both sides
produces
(3.16)
1
rN
B
(r)
N,n(x)−
(
x
rN
−
1
N(N + 1)
)
B
(r)
N,n−1(x)
+
n−2∑
k=0
(
n− 1
k
)
BN,n−k
n− k
B
(r)
N,k(x) = 0.
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In Lemma 3.1, denote by y = B
(r)
N,n(x), and shift indices to produce
(3.17) B
(r)
N,k(x) =
k!
n!
y(n−k), k = 0, . . . , n.
This gives
(3.18)
1
rN
y −
(
x
rN
−
1
N(N + 1)
)
1
n
y′
+
n−2∑
k=0
(
n− 1
k
)
BN,n−k
n− k
k!
n!
y(n−k) = 0
and writing this as
(3.19)
1
rN
y−
1
n
(
x
rN
−
1
N(N + 1)
)
y′+
1
n
n−2∑
k=0
BN,n−k
1
(n− k)!
y(n−k) = 0,
produces the result.

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